SUBJECT: MATHEMATICS
SEMESTER-IV

PAPER-I, UNIT - I: DIFFERENTIAL EQUATIONS,
DR. JITENDRA AWASTHI

DEPARTMENT OF MATHEMATICS

S.J.N. M. P. G. COLLEGE, LUCKNOW
METHOD OF REDUCTION:

(Whose one solution of complementary function is known)

If y =u is given solution belonging to the complementary function of the differential
equation.

Let the other solution be y=v. Then y=u. v is complete solution of the differential
equation.

d?y  _dy
Let — +p—

ax P dx
function of (1)

+Qy =R .....(1) bethe differential equation and u is the complementary

d?u du
W—i_ p&-f-QU:O (2)
dy du dv
=u.vsothat == =V—+U—
y=u.vsotha dx dx  dx

2 2 2
d yzvd_u+2ﬂ%+ud_y
dx? dx? dx dx  dx®

2

dy d°y

Substituting the values of y,—,—
dx dx

in (1), we get

2 2
d_g+2ﬂ%+ud_\2/+ P(v%jtuﬂjthu.v: R
dx dx dx dx dx dx

On arranging

2 2
= v d—l2J+P%+Qu +U d—\2/+Py +2%-Q:R
dx dx dx dx dx dx

The first bracket is zero by virtue of relation (2), and the remaining is divided by u.



d’v _dv 2dudv R

dx dx udxdx u

d?v [ 2du}dv R
= — | P+—— ===
dx udx|dx u
dv 2
Let —=1, sothatd—\zlzE
dx dx* dx

Equation (3) becomes

dz { 2du} R
—+|P+——|z2=—
dx u dx

This is the linear differential equation of first order and can be solved (z can be found),
which will contain one constant.

) . dv
On integration z = i we can get v .

Having found v, the solution is y =uv.

Ques. Solve y"—4xy'+(4x?—2)y =0 given that y =e** is an integral included in the
complementary function.

Sol.  Here, we have y"-4xy'+(4x*—-2)y=0
On putting y = ve in (1), the reduced equations is

d?v 2 du |dv
— i P+E= 1220 P=-4x,Q=4x*-2,R=0
dx? { u dx}dx [ © :

2
:>d—\2/+ —4x+ 2 (2xe*") ﬂ=0
dx dx

eX
d?v dv d?v dv
= — +[-4x+4x]— =0 = —=0=>—=C =>Vv=CcX+C
dx2+[ " ]dx dx? dx G 2
y =uv [u:exz]
y:exz(c1x+c2) Ans.
3

Ques. Solve x2y"—(x2+2x)y'+(x+2)y=x X given that y = x is one solution.

Sol.  Here, we have x2y"—(x2 +2X)y'+(x+2)y = x3eX



x2+2x . X+2 X )

y'+ y=Xxe
X2 x2

= y'—

On putting y =vx in (1), the reduced equation is

dv { 2du}dv R
— +1P+ —
dx2 udx)dx u
2 2 X
d ;/+ X +2x 3(1) xe™
dx X2 X
d2v dv dz X dv
= =€ = ——-z=e (-.-z=—j
dx¢ dx dx dx
which is a linear differential equation
IF.—el®_¢*
Its solution is ze" = J'ex.efxdx+c
= ze*=x+c = z=e".x+ce’
v ‘
= —=e".x+ce
dx
= v=xe" —e*+ce’+¢
= v=(x-1)e*+ce*+c,
y = VX = (X —Xx+Cx)e* +¢,x Ans.
2
Ques. Solve x3 Y —@2x-1) Y+ (x-1y=0
dx dx
Given that y =e” is an integral included in the complementary function.
2
Sol.  Here, we have xOI 2’—(2x—1)ﬂ+(x—1)y:0
dx dx
2 J— p—
— M__ZX 1%4__)( 1y:0 (1)

dx? x dx X

By putting y =ve* in (1), we get the reduced equation as



2
dx u dx |dx

Putting u=e* and %: Z in (2), we get

dz { 2x-1 2 X}
—+| - +—e" 2=0
dx X

X e
dz —-2x-1+2x dz z
= —+————7=0 =—+—=0
dx X dx X
dz
= —=— = logz=-logx+logc
z
C, dv ¢ dx
= 71=— = —=—= = dv=¢— = c¢logx+c,
X dx x X

y=u.v=e*(c, logx+c,)

RULE TO FIND OUT PART OF THE COMPLEMENTARY FUNCTION

Rule Condition Part of Complementary Function = u
1 1+P+Q=0 g*
2 1-P+Q=0 e X
3 l+g+%=0 e
4 P+Qx=0 X
S 2+2Px+Qx*=0 x?
6 n(n—1)+Pnx+Qx* =0 X"

2

Ques. Solve x2d—2—2x[1+x]ﬂ+2(l+x)y=x3
dx dx

2

Sol. x? d’y 2x(1+ X)Q+2(1+ X)y =x®
dx dx

>~

d’y  2x@+x)dy 2(1+x)y
- 24 =X
dx? x> dx x?



2X(1+x) N 2(1+x) ‘o

NG NG

Here, P+Qx=-

Hence y = x is a solution of the C.F. and the other solution is v.

Putting y =vx in (1), we get the reduced equation as

d?v { 2du}dv X
—+{P+=——f—=—
dx udx)dx u

d’v { 2x(1+x) 2(1)}

dx? X X
= dv_pdv_y o 92 5 av_,
dx*  dx dx dx
Which is a linear differential equation of first order and I.F.= eI_ZdX —e
Its solution is ze?™ =Ie’2xdx+cl
—2X _
= 762X _E +C :>z=—1+ce2X
-2 1 2 1
= WV _L1ice?X o dve[-Lice?|d
dx. 2 1 1
_y C
= v="X 1 1e2X ¢
2 2 2
y=Uuv=X _—X+C—1e2X+c Ans.
2 2 2

Method of reduction of order:

Method 1. To Find the Complete Solution of y"+ Py'+ Qy = R when part of
Complementary Function is known (Method of reduction of order)

Let y =u be a part of the complementary function of the given differential equation

d’y  pdy
dx? d

=L +Qy=R (D)

Where u is a function of x. Then, we have



du du

Let y =uv be the complete solution of equation (1), where v is a function of x.
Differentiating y w.r.t. x,

dy dv du
—~=U—+—V
dx dx dx

d’y d®° _dudu d%

Again, =U—+2—.—+V—
J X Cdd Cdxdx | dx
o dy d’y . .
Substituting the values of y,& and e in equation (1) we get
X
2 2
ud—¥+2%ﬂ+vd—g+P(uﬂ+v%j+Q(uv):R
dx dx dx  dx dx  dx
2 2
= ud—¥+(2d—u+Pujﬂ+ d—g+P%+Qu v=R
dx dx dx | dx dx
2
= ud—Z+(2d—u+Pujﬂ=R Using (2)
dx dx dx
2
. d_‘2’+(3d_“+pJﬂ:5 Q)
dx u dx dx u
2
Put av_ p then, d—\ZI:%
dx dx®  dx
Now (3) becomes, @+(Z%+ Pjp:E (4
dx \udx u

Equation (4) is a linear differential equation of | order in p and x.
2du 2
= e_“(a&wjdx _ e“adUJrIde) _ u2 eJ‘pdx
Solution of (4) is given by
ou el ™ :'[Bu2 ejpdxdx+c1
u

Where ¢, is an arbitrary constant of integration.



= p:uize_jpdx[j Ru ejpdxdx+cl}

yziefjpdx .[RueIPdXdXJrc
dx u? !

Integration yields, v= .[u—lzejpdx“ Rue/"dx+ cl} dx+c,

Where c, is an arbitrary constant of integration.

Hence the complete solution of (1) is given by,
y=uv
= y=ujie_fpdx[jRu el PPy i c }dx+c u
u2 1 2

To find out the part of C.F. of the linear differential equation of 11 order given by

2
d—g+ Pﬂ+Qy= R.
dx dx
Remember:
Sr. No. Condition Part of C.F.
L 1+E+g=0 e
a a2
2. 1+P+Q=0 oX
3. 1—P+Q=0 e_x
4 m(m—1)+ Pmx+Qx2 =0 xM
5. P+Qx=0 X
6. 24+ 2Px+Qx% =0 X2
Ques. Solve:
d2y dy X

——=—cotx——(1—cotx)y =e” sinXx.
dx

dx2




Sol.  Comparing with the standard form, we get
P =—cotx,Q =—(1—cotx),R =e*sinx
1+P+Q=1-1+cotx—cotx=0
A part of C.F.=e*

Let y =veX be the complete solution of given equation, then

QX:VGX+EX92
dx dx
2 2
d—g:vex +2exﬂ+exd—;’
dx dx dx
o dy d2y . :
Substituting for y,— and —Z in given equation, we get
dx dx2
d2v

—2+(2—cotx)ﬂ=sinx
dx dx

dp : dv
—+(2—cot =sin =—.
= dX+( X) p=sinx (1) where p .

This is a linear differential equation of | order in pand x.

2X
(2—cot x)dx e
e _

I.F.= ==
sinx
e2>< e2x 2x
Solution of (1) is, p— =_[sinx. ——dx+¢, = +C,
sin X sinx 2

Where ¢, is an arbitrary constant of integration.

1. s
p=Esmx+cle sinx

dv 1 . oy
— ==sinx+ce “sinx
dx 2

_ 1 1 .
Integrating, we get v=—Ecosx—gcle (cosx+2sinx)+c,

Hence the complete solution is given by,



. 1 1 5 . X
y=ve’ = —Ecosx—gcle (cosx+2sinx)+c, |e*.

Reduced to Normal Form (Removal of first derivative)

Method 2. To Find the Complete Solution of y"+ Py'+ Qy = R when it is reduced to
Normal Form (Removal of first derivative)

When the part of C.F. cannot be determined by the previous method, we reduce the
given differential equation in normal form by eliminating the term in which there exists first
derivative of the dependent variable.

d?y _ dy
p=2 =R (1
dx? derQy M)

Let y=uv be the complete solution of eqn. (1), where u and v are the function of x.

ﬂzvdu dv

u_
dx dx  dx

2 2 2
and —d g:v—d ;+2%ﬂ+ud—;’

dx
- dy d?y .
Substituting the value of y,—~, —= ineqgn. (1), we get
dx” gy?
d%v (2 du du 1d%u Pdu R
—2+(——+ Pj—+v ——2+——+Q =— ...(2)
dx u dx dx (U gxs udx u
2
Let us choose u such that —%+ P=0 ...(3)
u dx
which on solving gives,
_IEdX
u=e "2 ...(4)
du Pu
F 3), —=——
rom (3) i >
2
Differentiating, we get d—l: :—1 P[%j+d—P(u)
dx 2 dx) dx

1 (—Puj dP| P°u udP
=P — |[+u— |=——=—
2 2 dx 2 2dx



2 2 3
Coefficient of v=£d—u+Eﬁ+Q —E{Qﬂd_P]JFE(ﬂjJFQ

Ugyx? U dx ul 4 2dx| ul 2
2

1dP P
=Q-————=1 (sa
Q 2dx 4 (5ay)
d%v

Then (2) becomes, ——~ +Iv=S ..(5)

dx?

This is known as the normal form of equation (1).

Solving (5), we get v in terms of x . Ultimately, y =uv is the complete solution.

2
Ques. Solve: u—4xﬂ+(4x2 —1)y:—3exzsin 2X.
dx2 dx

Sol. Here, P=-4x,Q=4x*-1,R = —3e*’ sin2x

Let y =uv be the complete solution.

1
—-= | (—4x)dx 2
Now, u=e 2 =e"
1dP P? 1 1
| =Q->———=4x"-1-(-4)->(16x°) =1.
Q Sk 4 2( ) 4( )

K2
Also, S:E:M:_:gsinb(
u e

Hence normal form is,

2
d—;/ +Vv =-3sin2x
dx
Auxiliary equation is

m2+1=0 = m==i

CF.= c1 cosx+c2 sin X

wherec, and c, are arbitrary constants of integration.

P.l.= ! (=3sin2x) =

5 sin2x =sin2x
D°+1 (-4+1)



Solution is, v =c, COSX+C, SinX+Sin2x
Hence the complete solution of given differential equation is
y=uv= exz(cl COSX +C, SinX+Ssin2x) .
Changing the Independent Variable

Method 3. To Find the Complete Solution of y"+ Py'+ Qy = R by changing the
Independent Variable

d’y _dy
p—2L =R (1
dx2+ derQy M

Let us relate x and z by the relation,

z=f(x) ...(2)
dy_dy dz
dx dz dx (%)

d_zy_i(ﬂj_i[ﬂﬂj
dx?  dxldx) dx\dz dx

2 2 2 2
by d G d o) dy o () dy @
dz dx* dx dz\dz) dx dz dx dz ) dx
Substituting in (1), we get
dy d?z (dz) d?y _dy dz
— 4| — +P—-—+Qy=R
dz dx? [dx} dx*  dz dx i
d? d
= d—ZZ'erl(]|—3Z’+Qly=R1 ..(5)
d?z dz
7+P7
where P1= dX2 dXle_ Q R

= R =
& )
dx dx
Here P, Q,, R, are functions of x which can be transformed into functions of z

using the relation z = f (x) .

Choose z such that Q, =constant=a?* (say)



a
(dzjz dx
dx
o _(Q
Integration yields, 7= J'—dx
a
If this value of z makes P, as constant then equation (5) can be solved.

. 2 d’%y dy
Ques. Solve: (1+x) F+(l+ x)d—+y:4 cos log(1+x) .
X X

d’y 1 dy y 4
Sol. — = coslog(+ x (1
i Tixdx @ax? - @aw? oS0 M

Choose z such that,

&) &
dx)  (1+x)?

= dz_ 1 2)
dx 1+x
Integration yields, z=log(@+x) ...(3)
d’z 1
From (2), =-
@ dx*  (1+x)
1 .1
p__(+x) 1+x'1+x:0
1 1
(1+ x)?
Q
e
dx
R, = R > =4cos log(l+x) =4cosz (Form (3))



Reduced equation is

d?y
—+y=4c0sz
dz? y
Auxiliary equationis m?+1=0 = m==i

C.F.=c,cosz+c,sinz

P.l.=

o 1(4cosz) = 4.%sin z=2zsinz
+

Complete solution is
Yy =C,C0SZ+C,SINZ + 2z Sin z

y =¢, coslog(l+x) + c,sin log(l+ x)+2log(1+ x)sinlog(Ll+X) .

Method of Variation of Parameters

Method4. To Find the Complete Solution of y"+Py'+Qy = R by the Method of Variation
of Parameters

d’y dy
p—L =R .1
o dX+Qy (1)

Let the complementary function of (1) be

y = Au + Bv ...(2)

uandv are part of C.F.

d?u du
—+P— u=0 ...(3
dx2+ derQ )
dv _dv

and —+P—+Qv=0 ...(4
dszr derQ @)

Let the complete solution of (1) be

y = Au+Bv ...(5

where A and B are not constants but suitable functions of x to be so chosen that (5) satisfies
(1). Now,

y, = Au, +Bv, + Au+Byv

= y, = Au, + Bv, + (Au+B) ...(6)



Let us choose A and B such that

Au+Byv=0 .7
Now (6) becomes, y, = Au, + By, ...(8)
Y, = Au, + Au, + Byv, + By, ...(9)

Substituting the values of vy, y,,y, from (5), (8) and (9) in (1) respectively, we get
(Au, + Au, +Byv, +Bv,) + P(Au, + Bv,) + Q(Au+ Bv) =R
= Au, + BV, + A(u, + Pu, +Qu) + B(v, + Pv, +Qv) =R
= Au +Bv, =R ...(10) (Using (3) and (4))

Solving (7) and (10) for A, and B,, we get

Au+Bv=0
Au, +Bv,-R=0
= A _B_ 1
-Rv Ru uv,—-uv
—Rv
= A= =¢(X) (say) ..(11)
uv, —u,v
Ru
B, = =y () (say) (12)
uv, —uv
Integrating (11), we get A= I¢(X)dx+a ...(13)

Where a is an arbitrary constant of integration.
Integrating (12), we get B = jyx(x)dx+b ...(14)

whereb is also an arbitrary constant of integration.

Putting the above values in (5), we get
y=[¢(dx+ali+|[y(x)dx+bl
= y=uj¢(x)dx+vjw(x)dx+au+bv

This gives the complete solution of (1).



Ques. Solve by the method of variation of parameters:

d2
—¥+a2y =sec ax.

dx
Sol.  Here, u=cos ax, v=sin ax are two parts of C.F.
Also, R =sec ax.
Let the complete solution be
y = Acosax+ Bsinax
where A and B are suitable functions of x.
To determine the values of A and B, we have

Azj_—RVdXJrc1
uv, —Uu,v

_I —secax.sinax

: - dx+c,
{cosax.acosax—(—asinax)sinax}

dx+c,

tan ax
_I -

1
= A=¥|OQCOSaX+Cl

where ¢, is an arbitrary constant of integration.

Ru
B=|——dx+c,
uv, —uv

_j Secax.cosax

g - dx+c,
{cosax.acosax—(—asinax)sinax}

1 X
==[dx+c, =2+,
a a

where c, is an arbitrary constant of integration.

Hence the complete solution is given by
y = Acosax+ Bsinax

_ ( log cos ax
a2

X :
+c1)cosax+(—+c2)smax
a



Ques. Solve by method of variation of parameters:

d?y
dx?

+2ﬂ+y=e‘xlogx.
dx

Sol. Partsof C.F.are u=e™, v=xe™and R=e*logx

Let y=Ae *+Bxe ™ be the complete solution where A and B are some suitable
functions o x. To determine A and B, we have

e “logx.xe™™
e (e —xe )+ xe >

Rv
uv, —uVv

dx+c,

A=—

dx+clz—j

2 2
X X
=—_|‘xlogxdx+c1 =—7Iogx+7+c1

dx+c,

J-e‘x logx.e”™
e—Zx

R
B:I & dx+c, =
uv; —u,v

:J.Iogxdx+c2 =xlogx—-x+c,
Hence the complete solution is
y=Ae " +Bxe”

x? x?
= [_?IongLIJrq]ex +(xlogx—x+c,)xe™*

Ques. Using variation of parameters method, solve:

2
d Z+2xﬂ—
dx dx

x? 12y = x* log x.
Sol.  Consider the equation

2
x? M+ 2xﬂ—12y =0 for finding parts of C.F.
dx? dx

d . .
Put x =e” sothat x=logx and Let D= & then the given equation reduces to
[D(D-1)+2D—-12]y =0

= (D*+D-12)y=0

Auxiliary equation is



m’+m-12=0 = m=3,-4
3 -4 3 —4
C.F.=ce™ +c,e " =¢ X" +C,X
Hence, parts of C.F. are x® and x™

Let y= Au+Bv be the complete solution, where A and B are some suitable functions of x .
A and B are determined as follows:

log x.x™*
A=— dx+c1:—j 5 X c_)sgxxz —<adx+c,
uv, —uv X7 (—4x77)=3x"(x")
x> logx _ 1 logx 1 2
_—I = dx cl_—dex+cl_ﬂ(Iogx) +C,
3
and sz dx+c, =J‘X|09—X;de+c2
uv;, —u,v — X

1¢ s 1 x" 1 x
=—=|x logxdx+c, =—=| logx.— — | =.—dx |+cC
7I | ? 7{ 3 Ix 7 } ?

1| x"logx 1(x’ x7[1 J
== ~Z| = ||+c, === =—logx |+¢,
7 7 T\ 7 49\ 7

Hence the complete solution is given by

7
y=Ax}+Bx* = [i(logx)2 +cl}x3 +{%(%— log xj+c2}x‘4



